The Schur convexity and Schur-geometric convexity of generalized Heronian means involving two parameters are studied, the main result is then used to obtain several interesting and significantly inequalities for generalized Heronian means.
Introduction
Throughout the paper, R denotes the set of real numbers, x x 1 , x 2 , . . . , x n denotes n-tuple n-dimensional real vector , the set of vectors can be written as 
1.1
In particular, the notations R, R , and R denote R 
1.4
Recently, the following exponential generalization of Heronian means was considered by Jia and Cao in 5 ,
ab, p 0.
1.5
Several variants as well as interesting applications of Heronian means can be found in the recent papers 6-11 .
The weighted and exponential generalizations of Heronian means motivate us to consider a unified generalization of Heronian means 1.4 and 1.5 , as follows:
where w ≥ 0. In this paper, the Schur convexity, Schur-geometric convexity, and monotonicity of the generalized Heronian means H p,w a, b are discussed. As consequences, some interesting inequalities for generalized Heronian means are obtained.
Definitions and lemmas
We begin by introducing the following definitions and lemmas. 2 x ≥ y means that x i ≥ y i for all i 1, 2, . . . , n. Let Ω ⊂ R n , ϕ : Ω → R is said to be increasing if x ≥ y implies ϕ x ≥ ϕ y . ϕ is said to be decreasing if and only if −ϕ is increasing.
Huan-Nan Shi et al. 2 Let Ω ⊂ R n , ϕ : Ω → R is said to be a Schur-geometrically convex function on Ω if ln x 1 , . . . , ln x n ≺ ln y 1 , . . . , ln y n on Ω implies ϕ x ≤ ϕ y . ϕ is said to be a Schur-geometrically concave function on Ω if and only if −ϕ is Schur-geometrically convex function. 
Lemma 2.3 see 12, page 38 . A function ϕ x is increasing if and only if ∇ϕ
x ≥ 0 for x ∈ Ω, where Ω ⊂ R n is an open set, ϕ : Ω → RS p a, b ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ b p − a p p b − a 1/ p−1 , p / 0, 1, a / b, e −1 a a b b 1/ a−b , p 1, a / b, b − a ln b − ln a , p 0, a / b, b, a b,
Main results and their proofs
Our main results are stated in Theorems 3.1 and 3.2 below. 
Theorem 3.1. For fixed
We consider the following four cases. 
In Lemma 2.8, letting x 1, y p − 2, which implies x > 0, y < 0, x y > 0. By Lemma 2.8 we have
We conclude that Λ ≤ 0. Therefore, H p,w a, b is Schur concave.
In Lemma 2.8, letting x 1, y p − 2, which implies x > 0, y ≤ 0, x y > 0. By Lemma 2.8 we have
it follows that Λ ≤ 0. Therefore, H p,w a, b is Schur concave.
By Lemma 2.7, we obtain that S p a, b is increasing for p ∈ R. Thus, we conclude that
This completes the proof of Theorem 3.1. 
The proof of Theorem 3.2 is complete.
Some applications
In this section, we provide several interesting applications of Theorems 3.1 and 3.2. 
